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ON ISOMORPHISM PROBLEMS FOR VERTEX OPERATOR
ALGEBRAS ASSOCIATED WITH EVEN LATTICES
HIROKI SHIMAKURA
Abstract. In this article, we completely determine the isomorphism classes
of lattice vertex operator algebras and the vertex operator subalgebras fixed
by a lift of the −1-isometry of the lattice. We also provide similar results for
certain even lattices associated with doubly-even binary codes.
Introduction
The lattice vertex operator algebra (VOA) VL associated with an even lattice
L is a fundamental example in VOA theory ([Bo86, FLM88]). The VOA VL has
an automorphism of order 2 lifted from the −1-isometry of L, and the fixed-point
subspace V +L is a subVOA of VL. The famous moonshine VOA V
♮ was constructed
in [FLM88] as an extension of V +Λ associated with the Leech lattice Λ. Therefore, if
L is a sublattice of Λ, then the VOA V +L is contained in V
♮. Many group theoretical
properties of the automorphism group of V ♮, the Monster simple group, can be
studied using the subVOA V +L . For instance, certain maximal 2-local subgroups of
the Monster simple group were described using V +L ([Sh07, Sh11]).
It is well-known that the VOAs VL and VN are isomorphic if and only if L and
N are isomorphic. However it was shown in [Sh06] that the VOAs V +
D+
16
and V +
E2
8
are isomorphic, where D+16 and E
2
8 are (non-isomorphic) even unimodular lattices
of rank 16. Hence it is natural to ask if this case is the only exceptional case.
Given a doubly-even binary code C, one can obtain an even lattice L(C) =
1√
2
ρ−1(C) and a certain sublattice L+(C) of index 2, where ρ is the canonical map
from Zn to Zn2 . The Leech lattice Λ can be constructed as an overlattice of L+(G24)
([CS99]), where G24 is the extended binary Golay code. The construction of V
♮ in
[FLM88] is, in some sense, analogous to this construction. Since there are many
analogies among binary codes, lattices and VOAs ([Ho¨95, Ho¨03a, Ho¨08, Sh11]),
it is natural to ask if the VOAs VL and V
+
L would behave like L(C) and L+(C),
respectively.
In this article, we completely determine when V +L and V
+
N are isomorphic as
well as when V +L and VN are isomorphic. We also obtain similar results for the
even lattices L(C) and L+(C) associated with doubly-even binary codes C. As an
observation, we notice that the isomorphism types of the VOAs VL and V
+
L are
closely related to those of the lattices L(C) and L+(C) (see Table 1). Note that
C(K) and C+(K) in the table are binary codes obtained from Kleinian codes K
([Ho¨03a]) and that some results for the even lattices were already given in [KKM91].
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Table 1. Isomorphism problems and the answers
Problem Answer
L(C) ∼= L(D) C ∼= D
VL ∼= VN L ∼= N
L+(C) ∼= L+(D) C ∼= D or {C,D} = {e28, d+16}
V +L
∼= V +N L ∼= N or {L,N} = {E28 , D+16}
L+(C) ∼= L(D) C ∼= C(K) and D ∼= C+(K)
V +L
∼= VN L ∼= L(C) and N ∼= L+(C)
Next, let us explain our method for the case V +L
∼= V +N (Theorem 3.9). We
note that VL ∼= VN if and only if L ∼= N (cf. Proposition 3.1), and the case
V +L
∼= VN (Theorem 3.10) can be solved easily by Theorem 3.9. Clearly, L ∼= N
implies V +L
∼= V +N , and it was shown in [Sh06] that V +E2
8
∼= V +
D+
16
. We assume that
V +L
∼= V +N as VOAs. Let us consider the irreducible simple current module V −N .
By the assumption, we regard the irreducible V +N -module V
−
N as an irreducible
V +L -module M . The key is that the properties of M are similar to those of V
−
N .
By the classification of the irreducible modules for V +L ([DN99, AD04]), we have
M ∼= V −L , V ελ+L (λ /∈ L, ε ∈ {±}) or V Tχ,±L as V +L -modules.
(i): If M ∼= V −L then, VN ∼= V +N ⊕ V −N ∼= V +L ⊕ V −L ∼= VL as VOAs and L ∼= N .
(ii): Assume M ∼= V ελ+L. We may assume ε = + up to conjugation ([Sh04]).
Since the characters of V −L and V
+
λ+L are the same, we obtain an equation about
the numbers of norm 2 vectors in L and λ + L. By the characterization of L+(C)
in [Sh06], L ∼= L+(C) and L + Zλ ∼= L(C) for some doubly-even binary code
C. Moreover, since V +L(C)
∼= VL+(C) ([FLM88]), we obtain VL ∼= V +L ⊕ V −L ∼=
V +L ⊕ V +λ+L ∼= VN as VOAs, and hence L ∼= N .
(iii): Assume M ∼= V Tχ,+L . Since the lowest weights are the same, the rank of
L is 8. Since M is a self-dual simple current,
√
2L∗ is even. Hence L contains a
sublattice isomorphic to
√
2E8. By the same arguments for N , N has the same
property. Since the discriminant groups of L andN are isomorphic, we have L ∼= N .
(iv): Assume M ∼= V Tχ,−L . Then the rank of L is 16. Moreover, both L and N
are unimodular, or L ∼= L+(C), N ∼= L+(D) for some doubly-even binary codes C
and D with the same weight enumerator. The first case is an exceptional case. In
the latter case, either both C and D are self-dual, or C ∼= C+(K), D ∼= C+(J) for
some Kleinian codes K and J with the same weight enumerator. If both C and D
are self-dual then L ∼= L+(C) ∼= L+(D) ∼= N . By the classification of even Kleinian
codes of small length ([Ho¨03a]), we have C ∼= C+(K) ∼= C+(J) ∼= D. Hence L ∼= N .
This article also contains proofs for the corresponding results in lattices. These
should be useful for understanding the arguments in VOAs since the approach in
lattices is quite similar to that in VOAs.
1. Preliminaries
In this section, we recall or give some definitions and facts required in this article.
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1.1. Kleinian codes. In this subsection, we recall the basic definitions for Kleinian
codes (cf. [Ho¨03a]).
Denote the elements of the Kleinian four group K ∼= Z2 × Z2 by 0, a, b, c,
where 0 is the identity. A (linear) Kleinian code K of length n is a subgroup of
Kn ∼= Z2n2 . The dimension of K is t if K has 4t elements, where t ∈ 12Z. The
weight wt(x) of x = (xi) ∈ Kn is the number of nonzero xi. For m ∈ Z, let K(m)
denote the set of all elements of weight m in K. A Kleinian code K is even if
wt(k) ∈ 2Z for all k ∈ K. The symmetric bilinear product Kn×Kn → F2 is defined
by x ·y =∑ni=1 xi ·yi, where a ·b = b ·a = 1, a ·c = c ·a = 1, c ·b = b ·c = 1, and zero
otherwise. A Kleinian code is self-dual if it is equal to its orthogonal complement.
Two Kleinian codes are equivalent if one of them is obtained from the other by a
permutation of the coordinates together with a permutation of the symbols a, b and
c at each coordinate. The weight enumerator of K is defined by
WK(X,Y ) =
∑
k∈K
Xwt(k)Y n−wt(k).
Up to length 8, self-dual Kleinian codes were classified in [Ho¨03a].
Lemma 1.1. [Ho¨03a]
(1) There is exactly one even self-dual Kleinian code of length 2, up to equiva-
lence. It is equivalent to ǫ2 generated by (aa) and (bb).
(2) There are exactly two even self-dual Kleinian codes of length 4, up to
equivalence. They are equivalent to ǫ22 and δ
+
4 , where δ
+
4 is generated by
(aa00), (a0a0), (a00a), and (bbbb)
1.2. Binary codes. In this subsection, we recall the basic definitions for binary
codes (cf. [CS99]).
A binary (linear) code of length n is a subspace of Fn2 . The weight wt(x) of x =
(xi) ∈ Fn2 is the number of nonzero xi. For a subset D of Fn2 , we denote the set of all
elements in D of weight m by D(m). A binary code C is doubly-even if wt(x) ∈ 4Z
for all x ∈ C. The dual code C⊥ of C is defined by C⊥ = {x ∈ Fn2 | 〈x,C〉 = 0},
where 〈x, y〉 = ∑ni=1 xiyi. A binary code C is self-dual if C = C⊥. Two binary
codes are equivalent if one of them is obtained from the other by a permutation of
the coordinates. The weight enumerator of a coset x+ C ∈ C⊥/C is defined by
Wx+C(X,Y ) =
∑
y∈x+C
Xwt(y)Y n−wt(y) =
n∑
m=0
|(x+ C)(m)|XmY n−m.
We refer to [CS99] for the details about the binary codes e8 and d
+
16.
Lemma 1.2. (cf. [CS99])
(1) The extended Hamming code e8 is the unique doubly-even self-dual code of
length 8, up to equivalence.
(2) There are exactly two doubly-even self-dual codes of length 16 , up to equiv-
alence. They are equivalent to e28 and d
+
16.
1.3. Lattices. In this subsection, we recall the basic definitions for lattices (cf.
[CS99]).
Let (·, ·) be a positive-definite symmetric bilinear form on Rn. The norm of
v ∈ Rn is (v, v). For a subset U ⊂ Rn, let us denote by U(m) the set of all vectors
of norm m in U . A subset L of Rn is a (positive-definite) lattice of rank n if there
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is a basis e1, e2, . . . , en of R
n satisfying L =
⊕n
i=1 Zei. The dual lattice L
∗ of L is
defined by L∗ = {u ∈ Rn | (u, L) ⊂ Z}. The discriminant group of L is the quotient
group L∗/L. A lattice L is even if (v, v) ∈ 2Z for all v ∈ L, and L is unimodular if
L = L∗. Two lattices are isomorphic if one of them is obtained from the other by
an orthogonal transformation of Rn. The theta series of a coset λ + L ∈ L∗/L is
defined by
Θλ+L(q) =
∑
v∈λ+L
q(v,v)/2 =
∞∑
m=0
|(λ + L)(m)|qm/2.
We refer to [CS99] for the details about the lattices E8 and D
+
16.
Lemma 1.3. (cf. [Wi41, CS99])
(1) The root lattice E8 is the unique even unimodular lattice of rank 8, up to
isomorphism.
(2) There are exactly two even unimodular lattices of rank 16, up to isomor-
phism. They are isomorphic to E28 and D
+
16.
1.4. Vertex operator algebras. In this subsection, we recall the basic definitions
for vertex operator algebras (cf. [Bo86, FLM88, FHL93]). Throughout this article,
all VOAs are defined over the field C of complex numbers.
A vertex operator algebra (VOA) V is a Z≥0-graded vector space V =
⊕
m∈Z≥0 Vm
equipped with a linear map Y : V → (End(V ))[[z, z−1]], v 7→ Y (v, z) =∑i∈Z aiz−i−1
and non-zero vectors 1V and ωV satisfying a number of conditions ([Bo86, FLM88]).
We often denote it by (V, Y ) or V . Two VOAs (V, Y ) and (V ′, Y ′) are said
to be isomorphic if there exists a linear isomorphism g from V to V ′ such that
gY (v, z)w = Y ′(gv, z)gw for all v, w ∈ V and g(ωV ) = ωV ′ .
An (ordinary) module (M,YM ) for a VOA V is a C-graded vector space M =⊕
m∈CMm equipped with a linear map YM : V → (End(M))[[z, z−1]] satisfying a
number of conditions ([FHL93]). We often denote it by M and its isomorphism
class by [M ]. The weight of a homogeneous vector v ∈ Mk is k. The character of
M is defined by
chM (q) = q
−n/24 ∑
m∈C
dimMmq
m,
where n is the central charge of V . A module is self-dual if its contragredient module
([FHL93]) is isomorphic to itself. If M is irreducible, then there exists h ∈ C such
that M =
⊕
m∈Z≥0 Mh+m and Mh 6= 0. The number h is called the lowest weight
of M .
A VOA V is of CFT type if V0 = C1, and V is C2-cofinite if V/SpanC{a−2b |
a, b ∈ V } is finite-dimensional. A VOA V is simple if it is an irreducible V -module,
and V is rational if any module is completely reducible. A rational simple VOA V
is holomorphic if any irreducible module is isomorphic to V .
The following was proved in [DM04b]. For the lattice VOA VL, see Section 1.5.
Lemma 1.4. [DM04b]
(1) The lattice VOA VE8 is the unique C2-cofinite holomorphic VOA of CFT
type of central charge 8 up to isomorphism.
(2) There are exactly two C2-cofinite holomorphic VOAs of CFT type of central
charge 16 up to isomorphism. They are isomorphic to VE2
8
and VD+
16
.
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LetMa,Mb,Mc be modules for a simple VOA V . Let N
Mc
Ma,Mb
denote the dimen-
sion of the space of all intertwining operators of typeMa×Mb →Mc, which is called
the fusion rule ([FHL93]). By the definition of the fusion rules, NMcMa,Mb = N
Nc
Na,Nb
if
Mx ∼= Nx as V -modules for all x = a, b, c. Hence, the fusion rules are determined by
the isomorphism classes of V -modules. Let R(V ) denote the set of all isomorphism
classes of irreducible V -modules. For convenience, we use the following expression
[Ma]× [Mb] =
∑
[M ]∈R(V )
NMMa,Mb [M ],
which is also called the fusion rule.
Let V (0) be a simple VOA. An irreducible V (0)-module M1 is called a simple
current if for any irreducible V (0)-module M2, there exists the unique irreducible
V (0)-moduleM3 such that [M1]× [M2] = [M3]. A simple VOA V is called a simple
current extension of V (0) graded by a finite abelian group A if V is the direct sum
of non-isomorphic irreducible simple current V (0)-modules {V (α) | α ∈ A} and for
all α, β ∈ A, the fusion rule [V (α)]× [V (β)] = [V (α+ β)] holds. The uniqueness of
simple current extensions was established as follows.
Proposition 1.5. [DM04, Proposition 4.3] (cf. [Ho¨03b, Theorem 4.3]) Let (V, Y )
be a simple current extension of a simple VOA V (0). Then the VOA structure of
V as a simple current extension of V (0) is uniquely determined by the V (0)-module
structure of V , that is, if (V˜ , Y˜ ) has a VOA structure with V = V˜ as vector spaces
and Y (v, z) = Y˜ (v, z) for all v ∈ V (0), then the VOAs (V, Y ) and (V˜ , Y˜ ) are
isomorphic.
When every irreducible V -module is a simple current, × is a binary operation
on R(V ). In addition, if × satisfies the associative law, then (R(V ),×) is a group,
which we call the fusion group of V .
1.5. Constructions of binary codes, lattices and VOAs. First, let us consider
the binary codes C(K) and C+(K) of length 4m obtained from a Kleinian code K
of length m [Ho¨03a, Section 7].
Construction A:
(1.1) C(K) = Kˆ + dm4 ,
where ˆ : Km → F4m2 is the map induced from K → F42, 0 7→ (0000), a 7→
(1100), b 7→ (1010), c 7→ (0110), and dm4 = {(0000), (1111)}m.
Construction B:
(1.2) C+(K) = Kˆ + (dm4 )0,
where ˆ : Km → F4m2 is defined as before and (dm4 )0 is the subcode of dn4 consisting
of vectors of weight divisible by 8.
Lemma 1.6. (cf. [Ho¨03a, Lemmas 2 and 3]) Let K be a Kleinian code of length m.
(1) If K is self-dual, then so is C(K).
(2) If K is even, then both C(K) and C+(K) are doubly-even.
(3) The weight enumerators of C(K) and C+(K) are given as follows:
WC(K)(X,Y ) = WK(X
4 + Y 4, 2X2Y 2),
WC+(K)(X,Y ) =
1
2
(
WK(X
4 + Y 4, 2X2Y 2) + (X4 − Y 4)m) .
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Let us consider some examples.
Lemma 1.7. (1) The binary code C(ǫ2) is equivalent to e8.
(2) The binary codes C(ǫ22) and C(δ+4 ) are equivalent to e28 and d+16 respectively.
(3) The binary codes C+(ǫ22) and C+(δ+4 ) are equivalent.
Next, let us consider the lattices L(C) and L+(C) of rank n obtained from a
binary code C of length n ([CS99]). Let α1, α2, . . . , αn be an orthogonal basis of
Rn of norm 2.
Construction A:
(1.3) L(C) =
n∑
i=1
Zαi +
∑
c∈C
Z
1
2
αc,
where αc =
∑n
i=1 ciαi and ci ∈ {0, 1}.
Construction B:
(1.4) L+(C) =
∑
1≤i,j≤n
Z(αi + αj) +
∑
c∈C
Z
1
2
αc,
where αc is defined as before.
Lemma 1.8. [CS99] Let C be a binary code of length n.
(1) If C is self-dual, then L(C) is unimodular.
(2) If C is doubly-even, then both L(C) and L+(C) are even.
(3) The theta series of L(C) and L+(C) are given as follows:
ΘL(C)(q) = WC(θ3(q), θ2(q)),
ΘL+(C)(q) =
1
2
(WC(θ3(q), θ2(q)) + θ4(q)
n) ,
where θ3(q) =
∑
i∈Z q
i2 , θ2(q) =
∑
i∈Z q
(i+1/2)2 and θ4(q) =
∑
i∈Z(−1)iqi
2
.
Let us consider some examples. For (3), see [KKM91, (5.3.1)].
Lemma 1.9. (1) The even lattice L(e8) is isomorphic to E8.
(2) The lattices L(e28) and L(d+16) are isomorphic to E28 and D+16 respectively.
(3) The lattices L+(e28) and L+(d+16) are isomorphic.
Finally, we consider the VOAs VL and V
+
L of central charge n obtained from an
even lattice L of rank n ([Bo86, FLM88]).
Set hL = C⊗ZL and extend (·, ·) to a symmetric C-bilinear form on hL. We view
hL = C ⊗Z L as an abelian Lie algebra. Let hˆL = hL ⊗ C[t, t−1]⊕ Cc be its affine
Lie algebra. Set hˆ−L = hL ⊗ t−1C[t−1] and let S(hˆ−L ) be the symmetric algebra of
hˆ−L . Then S(hˆ
−
L )
∼= C[α⊗ tn | α ∈ hL, n < 0] ·1 is the unique irreducible hˆL-module
such that c acts as 1 and α⊗ tn · 1 = 0 if α ∈ hL and n ≥ 0.
Let us consider the twisted group algebra of the additive group L. Let 〈κL〉 be
a cyclic group of order 2 and let
1→ 〈κL〉 → Lˆ ρ→ L → 1(1.5)
be a central extension of L by 〈κL〉 with the commutator map c0(α, β) = (α, β)
(mod 2), α, β ∈ L. Then we obtain the twisted group algebra C{L} = C[Lˆ]/(κL +
1), where C[Lˆ] is the usual group algebra of the group Lˆ. The lattice VOA VL
associated with L is defined to be VL = S(hˆ
−
L )⊗C{L} as a vector space. We refer
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to [FLM88] for the definition of the vertex operator on VL. Note that the central
charge of VL is n.
Let θVL be an automorphism of VL of order 2 which is a lift of the −1-isometry
of L. Let V +L denote the subspace of VL fixed by θVL . Then V
+
L is a vertex
operator subalgebra of VL. Note that the automorphism θVL is not unique but the
isomorphism type of V +L is independent of the choice of θVL [DGH98, Appendix D].
As a summary, we obtain two VOAs of central charge n:
VL = S(hˆ
−
L )⊗ C{L} and V +L = {v ∈ VL | θVL(v) = v}.
We call the constructions of VL and V
+
L from an even lattice L Construction A and
Construction B respectively.
Lemma 1.10. [Do93, FLM88] Let L be an even lattice of rank n.
(1) If L is unimodular, then VL is holomorphic.
(2) The characters of VL and V
+
L are given as follows:
chVL(q) =
ΘL(q)
η(q)n
,
chV +
L
(q) =
1
2
(
ΘL(q)
η(q)n
+
η(q)n
η(2q)n
)
,
where η(q) = q1/24Π∞i=1(1− qi).
The following lemma was verified in [Sh06, Lemma 3.4].
Lemma 1.11. The VOAs V +
E2
8
and V +
D+
16
are isomorphic.
Now, we recall some facts about irreducible modules for V +L ([FLM88, DN99,
AD04]). Let V −L be the −1-eigenspace of θVL in VL. Then V −L is an irreducible
V +L -module. For a coset λ+ L ∈ L∗/L, Vλ+L = S(hˆ−L )⊗C[λ+ L] is an irreducible
VL-module. If λ /∈ L/2, then Vλ+L is also irreducible for V +L . If λ ∈ L/2, then
Vλ+L is the direct sum of two irreducible V
+
L -submodules V
+
λ+L and V
−
λ+L. Set
J = {a−1θVL(a) | a ∈ Lˆ}. Then J is a normal subgroup of Lˆ. Let Tχ be an
irreducible module for Lˆ/J with character χ satisfying χ(κJ) = −1. Then there
are two irreducible V +L -modules V
Tχ,±
L associated with Tχ.
It was shown in [DN99, AD04] that any irreducible V +L -module is isomorphic to
one of V ±λ+L (λ ∈ L∗∩(L/2)), Vµ+L (µ ∈ L∗\(L/2)) and V Tχ,±L . By the fusion rules
for irreducible V +L -modules [Ab01, ADL05], one can obtain the following lemma.
Lemma 1.12. The irreducible V +L -module Vµ+L (µ ∈ L∗ \ (L/2)) is not a simple
current.
The characters of V ±λ+L and V
Tχ,±
L are given as follows ([FLM88]):
chV ±
λ+L
(q) =
1
2
(Θλ+L(q)
η(q)n
)
(λ /∈ L),(1.6)
ch
V
Tχ,±
L
(q) =
dimTχ
2
( η(q)n
η(q1/2)n
± η(q
2)nη(q1/2)n
η(q)2n
)
.(1.7)
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2. Isomorphism problems for the even lattices L(C) and L+(C)
2.1. A characterization of doubly-even binary codes obtained from Kleinian
codes. In this subsection, we characterize the doubly-even binary codes obtained
by Construction B from Kleinian codes, which will play an important role in Sec-
tions 2.3 and 2.4. Note that this is a code analogue of the characterization of the
even lattices obtained by Construction B (see Proposition 3.2) given in [Sh06].
Let ui = (0
4(i−1)140n−4i) ∈ Fn2 for 1 ≤ i ≤ n/4. If m = n/4 ∈ Z, then
dm4 = SpanF2{ui | 1 ≤ i ≤ m} and (dm4 )0 = SpanF2{ui+ uj | 1 ≤ i, j ≤ m}. For our
purpose, we need the following lemma.
Lemma 2.1. Let C be a doubly-even binary code of length n = 4m ∈ 4Z.
(1) If dm4 ⊂ C, then C ∼= C(K) for some even Kleinian code K of length m.
(2) Assume that (dm4 )0 ⊂ C, u1 /∈ C and u1 ∈ C⊥. Then C ∼= C+(K) and
C + F2u1 ∼= C(K) for some even Kleinian code K of length m.
Proof. (1): Let x = (x1, x2, . . . , xm) ∈ C, where xi ∈ F42. Since C is doubly even,
〈x, ui〉 = 〈xi, (1111)〉 = 0, equivalently, wt(xi) ∈ 2Z. It follows from Kˆ+F2(1111) =
{v ∈ F42 | wt(v) ∈ 2Z} that xi ∈ Kˆ or xi + (1111) ∈ Kˆ. For the mapˆ , see (1.1).
Hence there is a unique kx ∈ Km such that x ∈ kˆx + dm4 . Set K = {kx | x ∈ C}.
Then C ⊂ C(K). It follows from dm4 ⊂ C that kˆx ∈ C. Thus by (1.1) C ∼= C(K).
Since C is a doubly-even binary code, K is an even Kleinian code.
(2): Set C˜ = C + F2u1. It follows from u1 ∈ C⊥ and wt(u1) = 4 that C˜ is
doubly-even. Since u1 /∈ C, we have C ( C˜. Let y = (y1, y2, . . . , ym) ∈ C⊥ \ C˜⊥,
where yi ∈ F42. It follows from 〈y, ui〉 6= 0 and 〈y, ui + uj〉 = 0 for all i, j that
wt(yi) = 1 or 3 for all i. Since C˜ is doubly-even, C˜ ⊂ C˜⊥. Hence ui ∈ C˜⊥ for any
i, and we may assume that wt(yi) = 1 for all i, and y = (00010001 . . .0001) up to
coordinate permutation.
Let x = (x1, x2, . . . , xm) ∈ C, where xi ∈ F42. Since ui ∈ C⊥ for all i, we
have 〈xi, (1111)〉 = 0. Hence there is kx ∈ Km such that x ∈ kˆx + dm4 . Since
〈x, y〉 = ∑mi=1〈xi, (0001)〉 = 0 and 〈kˆx, y〉 = 0, we have x ∈ kˆx + (dm4 )0. By
the same argument as in (1), K = {kx | x ∈ C} is an even Kleinian code and
C ∼= C+(K) (cf. (1.2)). Moreover, C + F2u1 ∼= C(K). 
Proposition 2.2. Let C be a doubly-even binary code of length n. If there exists
a coset x+C ∈ C⊥/C satisfying |(x+C)(4)| ≥ n/4+ |C(4)| then C ∼= C+(K) and
C + F2x ∼= C(K) for some even Kleinian code K of length n/4.
Proof. In order to apply Lemma 2.1 (2), we will show that the coset x + C
contains {ui | 1 ≤ i ≤ n/4}. Assume {ui | 1 ≤ i ≤ r} ⊂ x + C and r < n/4. We
claim that the coset x+ C contains (04r, z) with wt(z) = 4.
Let v = (v1, v2, . . . , vr, z) ∈ (x + C)(4), where vi ∈ F42 and z ∈ Fn−4r2 . Then
v+ui ∈ C. It follows from ui ∈ C⊥ that 〈v+ui, ui〉 = 〈vi, (1111)〉 = 0, equivalently,
wt(vi) ∈ 2Z. If wt(vi) = 4 for some i, then v = ui since wt(v) = 4. Set
Y = {(y1, y2, . . . , yr, z) ∈ (x + C)(4) | wt(yi) = 2 for some 1 ≤ i ≤ r}.
For y ∈ Y , let m(y) = min{i | wt(yi) = 2}. In order to give an upper bound for |Y |,
we consider the map ψ : Y → C(4), y 7→ y+um(y) and show its injectivity. Assume
ψ(y) = ψ(y′). Then y + um(y) = y′ + um(y′), equivalently, y + y′ = um(y) + um(y′).
By the definition of ui, wt(um(y) + um(y′)) = 0 or 8. If wt(um(y) + um(y′)) = 8,
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then m(y) 6= m(y′). However, by wt(y+ y′) = 8, we have wt(ym(y)) = wt(ym(y′)) =
wt(y′m(y)) = wt(y
′
m(y′)) = 2, and m(y) = m(y
′), which a contradiction. Hence
wt(um(y) + um(y′)) = 0, equivalently, y = y
′. Thus ψ is injective. In particular,
|Y | ≤ |C(4)|.
By the definition of Y , we have
{(0, . . . , 0, z) ∈ (x+ C)(4) | z ∈ Fn−4r2 } = (x+ C)(4) \ (Y ∪ {ui | 1 ≤ i ≤ r}).
By the upper bound of |Y |,
|(x+ C)(4) \ (Y ∪ {ui | 1 ≤ i ≤ r})| ≥ |(x + C)(4)| − |C(4)| − r,
and it is greater than 0 by r < n/4 and the claim follows. Hence there is an
element (04r, z) ∈ x+ C with wt(z) = 4. We define it to be ur+1 up to coordinate
permutation. Thus the coset x + C contains {ui | 1 ≤ i ≤ n/4} up to coordinate
permutation, and n/4 must be an integer. Moreover, ui+uj ∈ C for all i, j. Hence
u1 ∈ C⊥, u1 /∈ C, and SpanF2{ui + uj | 1 ≤ i, j ≤ m} = (dm4 )0 ⊂ C. Therefore the
proposition follows from Lemma 2.1 (2). 
Remark 2.3. If C = C+(K), then |((140n−4) + C)(4)| = n/4 + |C(4)|.
2.2. Even lattices L(C). In this subsection, we study the isomorphism classes of
L(C). The following proposition is well-known (cf. [CS99, Chapter 18, Proposition
4]). However, we give a sketch of a proof since it would be useful for understanding
the arguments in the VOA case (see Section 3.1).
Proposition 2.4. Let C and D be doubly-even binary codes of length n. Then
L(C) ∼= L(D) if and only if C ∼= D.
Proof. The “if” part is obvious. For the “only” part, we assume that L(C) ∼=
L(D). One can verify that the Weyl group of the norm 2 vectors in L(C) is transitive
on the set of all orthogonal bases of norm 2 in L(C). Hence we may assume that
the canonical bases {αi | 1 ≤ i ≤ n} of L(C) and L(D) in (1.3) are the same up to
automorphism. Since the binary code C can be recovered from {αi | 1 ≤ i ≤ n},
we obtain C ∼= D. 
2.3. Even lattices L+(C). In this subsection, we study the isomorphism classes
of L+(C).
The following lemma can be easily proved by using the quadratic spaces of plus
type over F2 associated to doubly-even binary codes of length 8k containing (1
8k).
Lemma 2.5. For any doubly-even binary code of length 8k, there exists a doubly-
even self-dual binary code of length 8k containing it.
By (1.2), (dm4 )0 ⊂ C+(K) and (00010001 . . .0001) ∈ C+(K)⊥. Hence by [KKM91,
Lemma 3.3.2], we obtain the following lemma.
Lemma 2.6. Let K be an even Kleinian code of length m. Let ρ be the orthogonal
transformation of R4m defined by
ρ(αj) =
{
1
2 (α4i−3 + α4i−2 + α4i−1 + α4i) if j = 4i,
1
2 (−α4i−3 − α4i−2 − α4i−1 + α4i) + αj if 4i− 3 ≤ j ≤ 4i− 1,
where {αi | 1 ≤ i ≤ 4m} is the basis of R4m as defined in (1.3) and (1.4). Then ρ
is an isomorphism of lattices from L(C+(K)) to L+(C(K)).
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The following proposition was shown in [KKM91] if n > 16, and the case n ≤ 16
is a finite problem. However, we give a proof here since it is useful for understanding
the VOA case (Theorem 3.9).
Theorem 2.7. (cf. [KKM91, Theorem 3]) Let C and D be doubly-even binary codes
of length n. Then L+(C) ∼= L+(D) if and only if one of the following holds.
(1) C and D are equivalent.
(2) C and D are doubly-even self-dual binary codes of length 16.
Proof. The “if” part follows from Lemmas 1.2 (2) and 1.9 (3). For the “only”
part, we assume that L+(C) ∼= L+(D). Then by Lemma 1.8 (3) and the fact
that θ2 and θ3 are algebraically independent ([Eb02, Section 2.9]), WC(X,Y ) =
WD(X,Y ). Since L+(C) ∼= L+(D), there is an isomorphism ϕ : L+(D)∗/L+(D)→
L+(C)∗/L+(C) of their discriminant groups. Let λ + L+(C) = ϕ(α1 + L+(D)),
where {αi | 1 ≤ i ≤ n} is the canonical basis of Rn as defined in (1.3) and (1.4).
Without loss of generality, we assume 〈λ, λ〉 = 2. By (1.4),
L+(C)∗ = L(C⊥) + Z1
4
α(1n).
For c = (ci) ∈ Fn2 , let εc be the orthogonal transformation defined by εc(αi) =
(−1)ciαi. Then εc is an automorphism of L+(C) if c ∈ C⊥. By the actions of εc,
we may assume that λ = α1, αy/2 (y ∈ C⊥(4) \ C), α(1n)/4− α1 or α(1n)/4.
(i) Assume that λ = α1. Then L(C) ∼= L(D), and by Proposition 2.4, C ∼= D.
(ii) Assume that λ = αy/2. Comparing the numbers of vectors of norm 2 in α1+
L+(D) and λ+L+(C), we obtain 23|D(4)|+2n = 23|(y+C)(4)|. By WC(X,Y ) =
WD(X,Y ), we have |C(4)| = |D(4)|. Combining the equations, we obtain
23|C(4)|+ 2n = 23|(y + C)(4)|.
Then by Proposition 2.2, C ∼= C+(K) and C + F2y ∼= C(K) for some even Kleinian
code K of length n/4. Hence
L(D) = L+(D) ∪ (α1 + L+(D)) ∼= L+(C) ∪ (λ+ L+(C)) ∼= L+(C(K)) ∼= L(C),
where the last isomorphism is given in Lemma 2.6. Thus by Proposition 2.4, C ∼= D.
(iii) Assume that λ = α(1n)/4−α1. Since the norm of λ is 2, n must be 8. Since
2λ ∈ L+(C), C contains (18). It follows from WC(X,Y ) = WD(X,Y ) that D also
has (18) and dimC = dimD. One easily see that there are only four doubly-even
binary codes of length 8 containing (18) up to equivalence, and those are determined
by the dimensions. Hence C ∼= D.
(iv) Assume that λ = α(1n)/4. Since the norm of λ is 2, n must be 16. Let
k be the dimension of C. Then C⊥/C ∼= Z16−2k2 . By |(α1 + L+(C))(2)| = |(λ +
L+(C))(2)|, we obtain 23|C(4)|+ 25 = 2k, equivalently,
(2.1) |C(4)| = 2k−3 − 4.
If C is self-dual, then so is D, and hence (2) holds. Assume that C is not self-dual.
Then by |C(4)| ≥ 0, we have 5 ≤ k ≤ 7. By Lemma 2.5, there is a doubly-even
self-dual binary code E of length 16 such that C ( E. By Lemma 1.3 (2), E ∼= d+16
or e28, and |E(4)| = 28. Hence there exists a coset x+ C ∈ E/C such that
|(x+ C)(4)| ≥ |E(4)| − |C(4)||E/C| − 1 =
25 − 2k−3
28−k − 1 = 2
k−3 = |C(4)|+ 16
4
.
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By Proposition 2.2, C ∼= C+(K) for some even Kleinian code K of length 4. By
|C+(K)| = 23|K|, we have |K| = 2k−3. By Lemma 1.6 (3) and (2.1), |K(2)| =
|C(4)|/2 = 2k−4 − 2. Since |K(4)| = |K| − |K(2)| − |K(0)| = 2k−4 + 1, we obtain
(2.2) WK(X,Y ) = (2
k−4 + 1)X4 + (2k−4 − 2)X2Y 2 + Y 4.
Replacing C by D, we also have C ∼= D, or D ∼= C+(J) for some even Kleinian
code J of length 4 with the same properties asK. One can verify that there are only
four even Kleinian codes of length 4 satisfying (2.2) up to equivalence (cf. [Ho¨03a]).
Two of them are characterized by the weight enumerators, and the others are the
two even self-dual Kleinian codes ǫ22 and δ
+
4 of length 4 (Lemma 1.1 (2)). By Lemma
1.7 (3) C+(ǫ22) ∼= C+(δ+4 ). Thus we obtain C ∼= D. 
2.4. Even lattices L(C) and L+(C). In this subsection, we study the isomor-
phism classes of L(C) and L+(C).
Theorem 2.8. Let C and D be doubly-even binary codes of length n. Then
L+(C) ∼= L(D) if and only if there exists an even Kleinian code K such that
C ∼= C(K) and D ∼= C+(K).
Proof. The “if” part follows from Lemma 2.6. For the “only” part, we assume
that L+(C) ∼= L(D). Comparing the numbers of vectors of norm 2 in the lattices
(Lemma 1.8 (3)), we obtain
8|C(4)| = 2n+ 16|D(4)|.
Since L+(C) ∼= L(D), there is an isomorphism ϕ : L+(C)∗/L+(C)→ L(D)∗/L(D)
of their discriminant groups. By L(D)∗ = L(D⊥), there is x ∈ D⊥ \D such that
αx/2 + L(D) = ϕ(α1 + L+(C)). Comparing the numbers of vectors of norm 2 in
α1 + L+(C) and αx/2 + L(D), we obtain
2n+ 8|C(4)| = 16|(x+D)(4)|.
Combining the equations, we obtain
|(x+D)(4)| = n/4 + |D(4)|.
By Proposition 2.2, D ∼= C+(K) for some even Kleinian code K. Then by Propo-
sition 2.6 and an assumption,
L+(C(K)) ∼= L(C+(K)) ∼= L(D) ∼= L+(C).
By Theorem 2.7, C ∼= C(K), or both C and C(K) are (non-isomorphic) doubly-even
self-dual binary codes of length 16. In the first case, we are done. In the latter
case, Lemmas 1.2 (2) and 1.7 (2) show C ∼= C(K ′), where {K,K ′} = {ǫ22, δ+4 }. By
Lemma 1.7 (3), C+(K) ∼= C+(K ′). Hence we have D ∼= C+(K ′) and C ∼= C(K ′). 
3. Isomorphism problems for the VOAs VL and V
+
L
3.1. VOAs VL. In this subsection, we study the isomorphism classes of VL. The
following proposition is well-known. Its proof is similar to that of Proposition 2.4.
Proposition 3.1. Let L and N be even lattices of rank n. Then VL ∼= VN if and
only if L ∼= N .
Proof. The “if” part is obvious. For the “only” part, we assume VL ∼= VN . By
the VOA structure of VL ([FLM88]), S(hˆ
−
L ) is a subVOA and VL
∼=⊕α∈L S(hˆ−L )⊗
eα as S(hˆ−L )-modules. Note that hL(−1)1 = S(hˆ−L ) ∩ (VL)1. Then for h ∈ hL,
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S(hˆ−L )⊗ eα is the eigenspace of the 0-th product of h(−1)1 with eigenvalue (α, h).
By the same argument, VN ∼=
⊕
β∈N S(hˆ
−
N )⊗eβ as S(hˆ−N )-modules, and hN (−1)1 =
S(hˆ−N ) ∩ (VN )1. Since dim(VL)0 = 1, (VL)1 has a finite dimensional reductive Lie
algebra structure by the 0-th product. Using the fact that VL ∼= VN , we may view
both hL(−1)1 and hN (−1)1 as Cartan subalgebras of (VL)1. Hence there exists
g ∈ 〈exp(v0) | v ∈ (VL)1〉 ⊂ Aut(VL) such that g(hN (−1)1) = hL(−1)1. Since
S(hˆ−N ) is generated by hN (−1)1 as a VOA, we have g(S(hˆ−N )) = S(hˆ−L ). Hence
for any β ∈ N , g(S(hˆ−N ) ⊗ eβ) = S(hˆ−L ) ⊗ eα for some α ∈ L. Set g¯(β) = α.
Since g is an automorphism of a VOA, g¯ is a linear isomorphism from N to L, and
(g¯(β), g¯(β)) = (β, β) for all β ∈ N . Thus g¯ is an orthogonal transformation, and
N ∼= L. 
3.2. VOAs V +L . In this subsection, we study the isomorphism classes of V
+
L .
The following proposition, which is similar to Proposition 2.2, was proved in
[Sh06].
Proposition 3.2. [Sh06, Theorem 2.2] Let L be an even lattice of rank n. If there
exists λ ∈ (L∗ ∩ L/2) such that |(λ + L)(2)| ≥ 2n + |L(2)| then L ∼= L+(C) and
L+ Zλ ∼= L(C) for some doubly-even binary code C.
Next, we will consider an even lattice L such that
√
2L∗ is even.
Lemma 3.3. Let L be an even lattice. If
√
2L∗ is even, then 2L∗ ⊂ L.
Proof. Since
√
2L∗ is even, we have
√
2L∗ ⊂ (√2L∗)∗ = L/√2, and 2L∗ ⊂ L. 
Remark 3.4. In [Sh04, Sh06], an even lattice L was said to be 2-elementary totally
even if 2L∗ ⊂ L and if √2L∗ is even. By the lemma above, if √2L∗ is even, then
L is 2-elementary totally even.
The following lemma can be proved by using the quadratic spaces over F2 asso-
ciated to 2-elementary totally even lattices of rank 8k. Note that it is of plus type
by [Ve79, Theorem 1].
Lemma 3.5. Let L be an even lattice of rank 8k such that
√
2L∗ is even. Then
there exists an even unimodular lattice of rank 8k containing L.
Let us review some properties of irreducible modules for V +L .
Lemma 3.6. The following three conditions are equivalent.
(1) Any irreducible V +L -module is a self-dual simple current.
(2) An irreducible V +L -module V
Tχ,ε
L is self-dual.
(3)
√
2L∗ is even.
Proof. Obviously, (1) shows (2). By Lemma 3.3 and [ADL05], one can see that
(3) implies (1).
Assume (2) and let V
Tχ,ε
L be a self-dual irreducible V
+
L -module. Let M be the
contragredient module of V
Tχ,ε
L . Then by [ADL05, Proposition 3.7], M
∼= V Tχ′ ,εL
and χ′(s) = (−1)(ρ(s),ρ(s))/2χ(s) for s ∈ Z(Lˆ/J), where ρ is given in (1.5). Since
V
Tχ,ε
L is self-dual, we have χ
′ = χ. It follows from ρ(Z(Lˆ/J)) = 2L∗/2L that
(v, v) ∈ 4Z for all v ∈ 2L∗. Hence √2L∗ is even, and we obtain (3). 
Note that the fusion rules of V +L are associative [ADL05, Theorem 5.18].
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Lemma 3.7. (cf. [ADL05]) Let L be an even lattice such that
√
2L∗ is even. Then
the fusion group of V +L is isomorphic to an elementary abelian 2-group of order
2k+2, where k is the integer satisfying L∗/L ∼= Zk2 .
A triality automorphism of V +L+(C) which sends V
−
L+(C) to V
+
α1+L+(C) was given
in [FLM88, Chapter 11]. The following lemma can be verified directly.
Lemma 3.8. (cf. [FLM88, Chapter 11]) Let C be a doubly-even binary code. Then
there is an isomorphism of VOAs from VL+(C) to V
+
L(C).
Now, we prove the following. Its proof is similar to that of Theorem 2.7.
Theorem 3.9. Let L and N be even lattices of rank n. Then the VOAs V +L and
V +N are isomorphic if and only if one of the following holds.
(1) L and N are isomorphic.
(2) L and N are even unimodular lattices of rank 16.
Proof. The “if” part follows from Lemmas 1.3 (2) and 1.11. For the “only”
part, we assume that V +L
∼= V +N . By Lemma 1.10 (2), ΘL(q) = ΘN (q), and hence
chV −L = chV
−
N . We regard the irreducible V
+
N -module V
−
N as an irreducible V
+
L -
module. Since V −N is a self-dual simple current, it is isomorphic to V
−
L , V
ε
λ+L (λ /∈ L)
or V
Tχ,ε
L as V
+
L -modules under the isomorphism of V
+
N and V
+
L by Lemma 1.12.
(i) Assume that V −N ∼= V −L . Then VN ∼= V +L ⊕V −L is a simple current extension of
V +L . Hence by Proposition 1.5 VN
∼= VL as VOAs, and by Proposition 3.1 L ∼= N .
(ii) Assume that V −N ∼= V ελ+L. Since Hom(L∗/2L∗,Z2) ⊂ Aut(V +L ) ([FLM88]),
we may assume that ε = + up to conjugation ([Sh04]). It follows from chV −L =
chV −N that chV
−
L = chV
+
λ+L. Comparing the dimensions of the weight 1 subspaces
of V −L and V
+
λ+L (Lemma 1.10 and (1.6)), we obtain |L(2)| + 2n = |(λ + L)(2)|.
Hence by Proposition 3.2 L ∼= L+(C) and L + Zλ ∼= L(C) for some doubly-even
binary code C. By Proposition 1.5, as VOAs,
VN ∼= V +L ⊕ V −N ∼= V +L ⊕ V +λ+L ∼= V +L(C) ∼= VL,
where the last isomorphism is given in Lemma 3.8. By Proposition 3.1, we obtain
L ∼= N .
(iii) Assume that V −N ∼= V Tχ,−L . By Lemma 1.10 and (1.7), the lowest weights of
V −N and V
Tχ,−
L are 1 and n/16+1/2, respectively. Hence n = 8. Since V
−
N is a self-
dual, so is V
Tχ,−
L . Hence
√
2L∗ is even by Lemma 3.6. Since
√
2(
√
2L∗)∗ = L is even,
we have
√
2L∗ ⊂ E8 by Lemmas 1.3 (1) and 3.5. Hence E8 ⊂ (
√
2L∗)∗ = L/
√
2,
equivalently,
√
2E8 ⊂ L. Replacing N by L, we have (i), (ii) or (iii) for V −L . The
first two cases show L ∼= N . Hence we may assume that
√
2E8 ⊂ N by the same
argument. One easily checks that there are only five even overlattices of
√
2E8 up
to isomorphism, and those are determined by the discriminant groups. Since the
fusion groups of V +L and V
+
N are isomorphic, so are the discriminant groups of L
and N by Lemma 3.7. Thus L ∼= N .
(iv) Assume that V −N ∼= V Tχ,+L . By (1.7), the lowest weight of V Tχ,+L is n/16. By
the same argument as in (iii),
√
2L∗ is even and n = 16. Comparing the dimensions
of the weight 1 subspaces of V −N and V
Tχ,+
L (Lemma 1.10 and (1.7)), we obtain
(3.1) |L(2)| = 29−k − 32,
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where |L∗/L| = 22k. If L is unimodular, then so is N , and hence (2) holds. Assume
that L is not unimodular. By Lemma 3.5 there exists an even unimodular lattice P
of rank 16 such that L ( P . By Lemma 1.3 (2), |P (2)| = 480. Hence there exists
a coset µ+ L ∈ P/L such that
|(µ+ L)(2)| ≥ |P (2)| − |L(2)||P/L| − 1 =
512− 29−k
2k − 1 = 2
9−k = |L(2)|+ 2× 16.
By Proposition 3.2, L ∼= L+(C) for some t-dimensional doubly-even binary code C
of length 16. It follows from |L+(C)∗/L+(C)| = 218−2t that t = 9− k. By Lemma
1.8 and n = 16, |L+(C)(2)| = 23|C(4)|+ 2× 16. Hence, by (3.1), we obtain
|C(4)| = 2t−3 − 4.
Since |C(4)| ≥ 0, we have 5 ≤ t ≤ 8. By the same arguments as in (iv) of Theorem
2.7 (see (2.1)), if C is not self-dual, then C ∼= C+(K) for some even Kleinian code
K of length 4 with the weight enumerator (2.2).
Replacing L by N , we also obtain L ∼= N or N ∼= L+(D) for some doubly-even
binary code D of length 16 with the same properties as C. If C is self-dual then so
is D, and L ∼= N by Lemma 1.9 (3). If not, C ∼= C+(K) and D ∼= C+(J) for some
even Kleinian codes K and J of length 4. By Lemma 3.7, we have L∗/L ∼= N∗/N ,
dimC = dimD, and dimK = dim J . Then by (2.2), both Kleinian codes K and J
have the same weight enumerator. Thus K ∼= J or {K, J} = {ε22, δ+4 } (cf. [Ho¨03a]).
Therefore by Lemma 1.7 C ∼= D, and L ∼= L+(C) ∼= L+(D) ∼= N . 
3.3. VOAs VL and V
+
L . In this subsection, we study the isomorphism classes of
VL and V
+
L . The proof of the following theorem is similar to that of Theorem 2.8.
Theorem 3.10. Let L and N be even lattices of rank n. Then the VOAs V +L and
VN are isomorphic if and only if there exists a doubly-even binary code C such that
L ∼= L(C) and N ∼= L+(C).
Proof. Lemma 3.8 proves the ”if” part. For the “only” part, we assume that
V +L
∼= VN . Comparing the dimensions of the weight 1 subspaces of V +L and VN
(Lemma 1.10 (2)), we obtain
|L(2)|
2
= n+ |N(2)|.
Let Vλ+N be an irreducible VN -module such that Vλ+N ∼= V −L under the isomor-
phism of VN and V
+
L . Comparing the dimensions of the weight 1 subspaces of V
−
L
and Vλ+N , we obtain
|L(2)|
2
+ n = |(λ+N)(2)|.
Combining the equations, we obtain
|N(2)|+ 2n = |(λ+N)(2)|.
In addition, the fusion rule [V −L ]× [V −L ] = [V +L ] ([ADL05]) shows [Vλ+N ]× [Vλ+N ] =
[VN ]. Hence 2λ ∈ N . By Proposition 3.2, N ∼= L+(C) for some doubly-even binary
code C of length n. By Lemma 3.8, we obtain V +L
∼= VN ∼= VL+(C) ∼= V +L(C) as
VOAs. By Theorem 3.9, L ∼= L(C) or both L and L(C) are (non-isomorphic)
even unimodular lattices of rank 16. In the first case, we are done. In the latter
case, Lemmas 1.3 (2) and 1.9 (2) show L ∼= L(D), where {C,D} = {e28, d+16}. By
Theorem 2.7, L+(C) ∼= L+(D). Hence N ∼= L+(D) and L ∼= L(D). 
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